The grain in the plasma gets charged until the net plasma flux to the grain surface vanishes. In the absence of any analytical formula, this ambipolar condition is utilized to compute the grain charge indirectly. The present work proposes an approximate analytical expression for the grain charge that is exact in the asymptotic limit and in which the relative error between analytical and numerically computed solutions is less than 3%. Using this formula, we show that, much like the plasma sheath, the Bohm criterion is satisfied near the dust surface. The presence of dust grain in the interstellar medium is responsible for the extinction and polarization of starlight [1] . Depending on the ambient temperature of the interstellar medium, the grains may become positively or negatively charged. For example, in dark molecular clouds and protoplanetary disks, the grains could be neutral or may carry few positive or negative charges [2] . In our planetary surroundings, the presence of highly charged grains is believed to be responsible for the thickness of the rings and spokes of the planets [3] . In laboratory experiments, the dust particles levitating in a sheath region of an rf discharge provide an important diagnostic tool, and the sheath characteristics can be studied in considerable detail by using fine dust probes [4] .
The presence of dust grain in the interstellar medium is responsible for the extinction and polarization of starlight [1] . Depending on the ambient temperature of the interstellar medium, the grains may become positively or negatively charged. For example, in dark molecular clouds and protoplanetary disks, the grains could be neutral or may carry few positive or negative charges [2] . In our planetary surroundings, the presence of highly charged grains is believed to be responsible for the thickness of the rings and spokes of the planets [3] . In laboratory experiments, the dust particles levitating in a sheath region of an rf discharge provide an important diagnostic tool, and the sheath characteristics can be studied in considerable detail by using fine dust probes [4] .
The basic charging mechanism of the interstellar grain was given by Spitzer [5] . The model involves individual solid grains immersed in a plasma background. The motion of the electrons and ions to the grain surface is limited by the orbital trajectories of the particles consistent with the energy and angular-momentum conservation. The simplicity of the orbit-motion-limited (OML) approach lies in the use of the conservation laws in calculating the cross section of the plasma attachment to the grain surface. This OML theory is particularly suited to the high-temperature laboratory dusty plasma experiments in which the electron de Broglie wavelength (∝ T −1/2 ) is smaller than the size of the grains. However, in cold, star-forming regions (T ∼ 10 − 100 K), the electron de Broglie wavelength (∼10 −6 cm) could become comparable to the size of the grains, particularly the smaller ones that dominate the interstellar grain distribution [6] , and the application of the classical OML model should be abandoned in favor of a quantum description.
The dust surface potential and thus the dust charge can be approximated as a nonlinear function of the Havnes parameter P = Zn d /n e , where Z is the number of grain charge and n d and n e are grain and electron number densities [7, 8] . However, grain charge can be derived numerically from the ambipolar condition, that is, by balancing the particle fluxes * birendra.pandey@mq.edu.au near the grain surface [9] . We derive an analytical formula using the ambipolar condition and show that this formula is accurate in the asymptotic limit except for a very small window in which the relative error between the numerically inferred dust charge and the charge calculated by our analytical formula is quite small ( 3%). Furthermore, the advantage of the analytical expression lies in the physical insight that the formula provides into the role of different plasma parameters in charging. For example, near the grain surface, much like the plasma sheath, a thin charged boundary layer forms, and we should expect that the Bohm condition will be satisfied near the grain surface. Furthermore, since the experimental investigation of the grain dynamics in plasma is utilized to infer the ambient plasma properties [10] [11] [12] , the analytical formula for the grain charge will greatly facilitate such an investigation.
The plasma-dust collision is often the charging mechanism in the interstellar environment [1] , and thus the electrondust and ion-dust collision frequencies depend on the dust charge [13, 14] . Utilizing the analytical expression for the grain charge proposed in the present work, we show that the plasma-dust collision frequencies can be expressed in terms of ambient plasma parameters only. Often plasma parameters such as density and temperature can be inferred from Faraday rotation and the luminosity curve in astrophysics, as well as from probe measurements in the laboratory. Such an expression for the grain charge could be helpful in extracting information about the grain dynamics under different physical conditions.
In this work, we shall provide an analytical expression for grain charge. For a spherical grain of radius a, we define = e(φ g − φ)/k B T e , where e and T e are the electron charge and temperature, respectively, and φ and φ g are the plasma and grain surface potentials, respectively. The thermal electron current to the dust particle for repulsive (attractive) potentials < 0 ( 0) can be written as
Here V te = √ k B T e /m e is the electron thermal velocity with m e is the electron mass.
For the ion current, the thermal velocity in the OLM theory is replaced by the mean speed
where v i is the directed ion velocity, and the ion current to the dust particle is given by [15] 
where C s = √ k B T e /m i is the ion-acoustic speed. The equilibrium grain charge is calculated by imposing the ambipolar condition near the grain surface, that is, numerically solving I e + I i = 0 for . Assuming a conducting grain, the charge on the grain can be expressed as Q = ak B T e /e. Making use of Eqs. (1) and (2), I e + I i = 0 can be recast as
for < 0 and
for 0. First let us assume < 0. We define
Defining
and assuming m i = m p , the preceding expression can be written as
In the absence of ion flow, that is, v i = 0, C acquires a particularly simple form when T e = T i ≡ T . Using the plasma quasineutrality condition for the negatively charged grains n i = n e (1 + P ), we can write
that is, C is purely a function of the Havnes parameter when plasma is in thermodynamic equilibrium. Defining
Eq. (3) can be written as y = exp (−y/C). The approximate solution of such an equation is well known [16] . Making use of such a solution for y, the expression for the charge grain can be written as The preceding formula for grain charge compares well with the numerically computed grain charge from Eq. (3). In Fig. 1 , we give an estimate of the relative error between the formula (9) and Q N , which is extracted solving directly I e + I i = 0. We note that the relative error between the analytical and numerical expression is 3% when C 0.01, and becomes ∼2% when C = 0.3. With increasing C, the difference between the analytical and numerically computed expression diminishes, and it becomes exact in the large-C limit.
In Eq. (9), the ratio of average ion speed to the ion-acoustic speed, V s /C s , plays an important role in grain charging. Since the average ion speed V s consists of a random as well as a mean directed part, it is not surprising that the charging of the grain depends not only on how quickly the ion thermal flux balances the electron thermal flux near the infinitesimally thin Debye layer around the grain, but also on the average response of the ion fluid to the buildup of the electric field on the grain. Even when ions are cold compared to the electrons, the grain average charge will be set up over the ion sound time scale.
Note that V s /C s determines the condition for the existence of a stationary sheath in a bounded plasma, the so called Bohm criterion [17] . On physical grounds, such a dependence should be anticipated since grain charging is very similar to the charging of the wall and the formation of the sheath. The grains in the plasma are initially negatively charged owing to the more frequent collision with the electrons than ions. However, ions respond to prevent the buildup of a runaway electric field near the grain surface. This results in the formation of a thin charged boundary layer around the grain. The stability of this layer is determined by the ratio of the mean ion flow speed to the ion sound speed, that is, V s /C s . We see from Fig. 2 that when (V s /C s ) 2 = 0.1, that is, when the average ion speed is lower than the ion-acoustic speed (a speed at which the ion responds to the leaked grain potential ∼k B T e /e in the plasma), grains remain negatively charged for all values of n i /n e . However, when (V s /C s ) 2 = 1, the grain will become positively charged with increasing n i /n e . Since the grain charging is due to the collisions with the thermal electrons and flowing ions, the grains can be positively charged only if more ions collide per electron. Therefore, with increasing n i /n e the grain should acquire positive charge, as seen in Fig. 2 . Since the dependence on V s /C s is not linear [Eq. (9)], we see that the charge becomes positive at n i /n e ≈ 42 for (V s /C s ) 2 = 1. The grain charge Eq. (9) has two parts. The part that is dependent on logarithmic functions becomes negligibly small with increasing C. Thus the first part of Eq. (9) dominates the charging when n i /n e 1, or P 1 and T e T i . In this case, the charge on the grain can be approximated as
It is clear from Eq. (10) that the plasma thermal motion as well as the directed ion flows participate in the grain charging. The charging of the grains at some initial time t = 0 is due to the thermal diffusion of the more mobile electrons, which sets up an electric field in the vicinity of the grain surface. As noted earlier, such an electric field causes the directed ion flows, which also have a random component. We see from Eq. (10) that when the ion kinetic energy is negligible in comparison with the ion thermal energy, that is, m i v 2 i k B T i , the grain charge in the large-C limit is proportional to the plasma temperature, that is, charging is only due to the thermal diffusion of the plasma particles. Often in interstellar and space environments such as protoplanetary disks, molecular clouds, and closer to Earth in noctilucent clouds, grains carry an electronic charge of 1-2 and thus the electric field in the vicinity of the grain is not strong enough. Thus, m i v when Z 10. Therefore, it is quite possible that flow energy dominates the ion thermal energy, and the number of grain charge becomes proportional to the ion flow speed. The inelastic collision of plasma particles with the dust, which is one of the principal charging mechanisms, acts as a sink to the plasma charge and current density. Therefore, unless there is a continuous supply of electrons in the system, often in dusty plasmas, the ion number density is much larger than the electron number density. This is particularly true in the process of star formation, which spans over several decades in density, n i /n e 1, or at P 1 when the collapsing molecular cloud is about to become opaque. Therefore, Eq. (10) will describe quite accurately the grain charge in astrophysical settings.
The levitational equilibrium of the dust inside the sheath is due to the balance between the electrostatic force and gravity, that is, QE = m d g, where m d is the dust mass and g is the gravity. Since such an equilibrium depends on the size of the grain [10] , we can derive the profile of the electric field, E = m d g/Q, from Eq. (10). Therefore, the sheath electric field is a function of ion velocity in the v i T i limit. It is known that the sheath potential can often be approximated by a parabola [18] , and the profile of the sheath electric field E can be approximated by
where we have assumed that the sheath with potential = 0 is located at x = 0 and d is the sheath width. Comparing the field linear profile with the equilibrium condition suggests that the ion-velocity profile in the sheath region is given as
which indicates that the ion velocity is dependent on the sheath width, and close to the wall (x → d), the ion velocity becomes very large. The ion velocity also depends on the grain mass, whose origin lies in the levitational equilibrium, that is, the grain's position inside the sheath. The charge on the grain, in the presence of ion flow inside the plasma sheath, is generally a function of the grain's distance from the sheath wall [12] . This can be seen analytically if we write Eq. (10) in the (V ti v i ) limit
It is clear from Eq. (12) that the charge on the grain in levitational equilibrium inside the plasma sheath depends on the wall potential 0 as well as the grain's proximity to the wall. Very close to the wall, levitational equilibrium may not exist as x ∼ d implies Q → ∞. When 0, the expression for the grain charge becomes where
In the C 1 1 limit, Eq. (13) becomes exact. We note that when V s /C s = 0, that is, T i T e and v i C s , the grain charge is negative (Q = ak B T e /e) since charging occurs only due to the thermal electrons. When V s /C s = 0, the charge on the grain depends on two competing parameters V s /C s and n e /n i . As is seen from Fig. 3 , for (V s /C s ) 2 = 1,2 the grain charge is positive with varying n e /n i .
Note that the electron and ion currents, Eqs.
(1) and (2), are derived from f j σ j v j dv j , where the distribution function f j is assumed Maxwellian and the charging cross section,
is dependent on the grain charge. Making use of Eq. (9) in the large-C limit, we see from (15) that the charging cross section for a singly charged positive ion approaching the negatively charged grain becomes σ i ∼ = 2πa 2 , which is twice the geometric cross section πa 2 . Therefore, in a dusty plasma medium when the ions are more numerous than the electrons, that is, n i n e , the effect of charging on modifying the geometric cross section may not be very important when T e T i .
Making use of Eq. (13) in the large-C 1 limit in Eq. (15), we see that the charging cross section for an electron approaching the positively charged grain becomes
which suggests that the ratio of the electron thermal to the kinetic energy plays an important role in modifying the geometric cross section. Often the electron thermal energy dominates the electron kinetic energy, and thus the electronpositively-charged grain cross section will be larger than the ion-negatively-charged grains. The capture rate of the singly charged positive ions by the dust grain [5] 
where we have replaced the ion thermal speed V ti by the average ion speed V s in the presence of directed ion motion.
Here ξ i is the sticking probability. Making use of Eq. (9) in the large-C limit, the inelastic ion-dust capture frequency becomes
Clearly, the ion capture is directly related to n d (the dust number density) and the average ion flow speed. As a last example to utilize the power of the analytical expression for the grain charge, Eq. (9), we estimate the impact parameters for the collection and orbit ion drag forces in the vicinity of negatively charged grains [15] ,
and
Using Eq. (9) in the large-C limit, we see that the collection impact parameters b c ≈ 1.41a and b π/2 = 1.27a. Therefore, ions will feel the slowing-down effect due to the dust electric field at a distance that is one and half dust radius away. Since b π/2 ≈ 1.27a, the orbit-limited force is felt when ions are almost grazing the dust surface. To summarize, in this work we have given an analytical formula for the grain charge that differs from the numerically computed value by 3% only in a very small parameter window. In the asymptotic limit, the formula becomes exact and acquires a very simple form. The collision cross section, ion capture frequency, and ion impact parameter have been calculated using the analytical expression, and their dependence on the grain charge has been eliminated in favor of local plasma parameters. This is particularly advantageous because, generally, grain charge is not known a priori in laboratory and space environments.
The charged dust plays an important role in modifying the sheath behavior, and the present analytical expression can be utilized for diagnostic purposes [12] . Since the exact expression for the dust charge is in terms of ambient plasma parameters, the proposed analytical formula could be useful in inferring the sheath characteristics by experimentally measuring the charge in levitational equilibrium. The present work does not consider the irradiation of the grain and the ensuing charging [19] , or the effect of the trapped ions on the charging [20] . A simple analytical formula for the grain charge as presented in this work may not be possible for a general case. 
